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The kinetic energy of the system Fy is the sum over the kinetic energy of each particle,

1
EK = 5 Z miUZ-Z/O,

where vf/o = V0 - Vijo and the point O is origin of some Newtonian reference frame. The
position of the center of mass rq/o can be written as the mass-weighted average of the
position of each particle r;;o,
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and similarly, the velocity of the center of mass vg/o can be written as the mass-weighted
average of the velocity of each particle v;/o
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We may write the velocity of each particle in terms of the velocity of the center of mass and
the velocity of the particle relative to the center of mass v;/q,

Vi/0 — VG/0 = Vi/G,

which then, after expanding

’UiQ/O = V0 " Vij0o = Ué/o + ’UiQ/G + 2VG/O “Vi/Gs

we retrieve the kinetic energy as

1 1
EK = 5 zi:mi’l}é/o + 5 zl:m,vf/g + vVG/0 - zi:mivi/(;.

We denote myo, = >, m; as the total mass, so the first term is the kinetic energy of the
center of mass

1 1
EKG - 5 ; mivé/o = 5 mtotvé/o.
The third term, using the previous relations, is seen to sum to zero by
Z mivi/q = Z m; (Vijo — Vo) = MiotVc/o — MiotVcjo = 0,
so we retrieve Ex = Exg + Ex/a, where
1 2

Fx/a = B Zmﬂfi/@-

Now, if we assume that all of the particles are part of a single rigid object, and since this

problem is in two-dimensions, the velocity of each particle relative to the center of mass will
be strictly due to planar rotation of the rigid object, i.e.
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Vijg = WaTi/a,

where wgq is the angular frequency at which the rigid object rotates. Upon seeing the ap-
pearance of the moment of inertia of the rigid object about its center of mass,

le =) mirjc,
we now have the simple relation

1
EK/G = 5 Igwé.



